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Question 1                                                                                                                                              [8 marks]   

In a process optimization study for a city’s development, the population of a town over the 
past six censuses is recorded as follows: 

Year (x) 1971 1981 1991 2001 2011 2021 

Population (y) (in thousands) 12 15 20 27 39 52 
Using this data, estimate the population for the year 2006 using interpolation method. 
Write your answer to the nearest whole number. 
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Question 2                                                                                                                                              [8 marks]     

In a periodic process system, the function 𝑓(𝑡) is defined as: 

𝑓(𝑡) = {
−4, −𝜋 < 𝑡 ≤ 0

4,    0 < 𝑡 < 𝜋
 

and 𝑓(𝑡 + 2𝜋) = 𝑓(𝑡) indicating that the function is periodic with a period of 2𝜋. 

Analyze the periodic behavior of the system by determining the Fourier series 
representation of 𝑓(𝑡). 
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Question 3                                                                                                                                               [8 marks]     

The matrix 𝐴 is given by   

𝐴 = (
1 −1 2

−3 −2 3
2 −1 1

) 

(i) Determine the determinant of A or |A|.                                                                                   (2 marks) 

(ii) Find the characteristic equation and the eigenvalues of A.                                         (4 marks) 

(iii) From (ii), Calculate any one eigenvector of matrix 𝐴.                                                    (2 marks) 
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Question 4                                                                                                                                               [6 marks]     

In a chemical plant, a tank is used to mix chemicals. Due to a sudden change in the flow of 
chemicals into the tank, the plant engineer needs to figure out how the concentration of 
the chemicals will change over time. 

The change in concentration is described by the formula: 

−4𝑠 + 32

6𝑠2 + 24𝑠 + 120
 

Can you help the engineer predicts how the concentration changes by finding the inverse 
Laplace transform of this formula? 
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Question 5                                                                                                                                               [4 marks]     

Determine the Laplace transform of the following functions                                                                     

(i)  
1

3
𝑐𝑜𝑠 6𝑡 − 2𝑒𝑡 +  𝑠𝑖𝑛 𝑡                                                                                                    (2 marks) 

 

 

 

 

 

 

 

 

 

(ii) 6 − 3 𝑐𝑜𝑠
2𝑡

3
+ 2 𝑐𝑜𝑠 𝑡                                                                                       (2 marks) 
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Question 6                                                                                                                                                [6 marks]     

In a chemical process involving gas flow, the pressure 𝑝 of a gas change with altitude 
𝑦 according to the following equation: 

𝑑𝑝

𝑑𝑦
= −𝑘 𝑝 

where 𝑘 is a constant, and the pressure at ground level (𝑦 = 0) is given as 𝑝0 . 

Solve this equation using the Laplace transform method to determine the pressure 𝑝 as a 
function of altitude 𝑦. 
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Table of Laplace Transform 

 

Function, f(t) Laplace Transform 

{𝑓(𝑡)} = 𝐹(𝑠) 

Function, f(t) Laplace Transform 

{𝑓(𝑡)} = 𝐹(𝑠) 

𝑡𝑛 𝑛!

𝑠𝑛+1
 

𝑠𝑖𝑛ℎ 𝑏𝑡 𝑏

𝑠2  −  𝑏2
 

𝑒𝑎 𝑡 1

𝑠 −  𝑎
 

𝑐𝑜𝑠ℎ 𝑏𝑡 𝑠

𝑠2  −  𝑏2
 

𝑡𝑛𝑒− 𝑎 𝑡 𝑛!

(𝑠 + 𝑎)𝑛+1
 

𝑒− 𝑎 𝑡 𝑠𝑖𝑛ℎ 𝑏𝑡 𝑏

(𝑠 + 𝑎)2  −  𝑏2
 

𝑠𝑖𝑛 𝑏𝑡 𝑏

𝑠2 + 𝑏2
 

𝑒− 𝑎 𝑡 𝑐𝑜𝑠ℎ 𝑏𝑡 𝑠 + 𝑎

(𝑠 + 𝑎)2  −  𝑏2
 

𝑐𝑜𝑠 𝑏𝑡 𝑠

𝑠2 + 𝑏2
 𝑡 𝑠𝑖𝑛 𝑏𝑡 2𝑏𝑠

(𝑠2 + 𝑏2)2
 

𝑒− 𝑎 𝑡 𝑠𝑖𝑛 𝑏𝑡 𝑏

(𝑠 + 𝑎)2 + 𝑏2
 

𝑡 𝑐𝑜𝑠 𝑏𝑡 𝑠2  −  𝑏2

(𝑠2 + 𝑏2)2
 

𝑒− 𝑎 𝑡 𝑐𝑜𝑠 𝑏𝑡 𝑠 + 𝑎

(𝑠 + 𝑎)2 + 𝑏2
 

  

 

Laplace Transform 

 {𝑦′(𝑡)} 𝑠 𝑌(𝑠) − 𝑦(0) 

 {𝑦′′(𝑡)} 𝑠2 𝑌(𝑠) − 𝑠 𝑦(0) −  𝑦′(0) 

 

Newton’s backward interpolation formula 

𝑦𝑛(𝑥) = 𝑦𝑛 + 𝑝𝛻𝑦𝑛 +
𝑝(𝑝+1)

2!
𝛻2𝑦𝑛 +

𝑝(𝑝+1)(𝑝+2)

3!
𝛻3𝑦𝑛……+ 

𝑝(𝑝+1)⋯⋯(𝑝+𝑛−1)

𝑛!
𝛻𝑛𝑦𝑛 

 

Newton’s forward interpolation formula 

𝑦𝑛(𝑥) = 𝑦0 + 𝑝𝛥𝑦0 +
𝑝(𝑝−1)

2!
𝛥2𝑦0 +

𝑝(𝑝−1)(𝑝−2)

3!
𝛥3𝑦0 … . . + 

𝑝(𝑝−1)⋯⋯(𝑝−𝑛+1)

𝑛!
𝛥𝑛𝑦0 

 

 

 



PT-TMATH-III Final Exam Fall 2024 
 

Page 11 of 11 
 

Fourier series 

𝑓(𝑡) =
𝑎0

2
+ ∑(𝑎𝑛𝑐𝑜𝑠 𝑛𝑡 + 𝑏𝑛𝑠𝑖𝑛 𝑛𝑡)

∞

𝑛=1

 

𝑎𝑛 =
1

𝜋
∫ 𝑓(𝑡) cos 𝑛𝑡 𝑑𝑡

𝜋

−𝜋

 

𝑏𝑛 =
1

𝜋
∫ 𝑓(𝑡) sin 𝑛𝑡 𝑑𝑡

𝜋

−𝜋

 

 

 

 

 

 

 

 

 

 

 

MLO & Bloom’s Level of Complexity 

 

Q # MLO 

Addressed 

Complexity Level Mark Remark 

1, 4 2, 3, 4, 5 Application 14  

3 1,  Understanding/ Analysing 8  

2 4 Evaluating 8  

6 2 Analysing 6  

5 1, 3 Remembering 4  
 

 


