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A thermal system consists of three interconnected metal plates whose temperature 

deviations from ambient (in °C) are denoted by 𝑇1(𝑡),  𝑇2(𝑡),  𝑇3(𝑡). The heat exchange 

between the plates is described by the following system of differential equations: 

𝒅𝑻𝟏

𝒅𝒕
= −𝟑𝑻𝟏 + 𝑻𝟐 

𝒅𝑻𝟐

𝒅𝒕
= 𝟐𝑻𝟏 − 𝟒𝑻𝟐 

𝒅𝑻𝟑

𝒅𝒕
= 𝑻𝟏 + 𝑻𝟐 − 𝟑𝑻𝟑 

where 𝑡 is time in minutes. 

(a) Write the system in matrix form T′ = 𝐴T and determine the eigenvalues of the matrix 𝐴.     

                                                                                                                                                                    (4 marks)                                                                                                                                           

(b) Determine only one of the eigenvectors of A.                                                                       (2 marks) 

 

 

  

Question 1 [6 marks] 
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(a) Determine the Laplace transform of the following function:                                           (2 mark) 
𝟑𝒆𝟓𝒕𝒔𝒊𝒏 𝟒𝒕

𝟐𝒆𝟑𝒕
 

 

 

 

 

 

 

 

(b) Determine the inverse Laplace transform of the following function:                         (4 marks) 
−(𝒔 + 𝟕)

𝟐𝒔𝟐 + 𝟖𝒔 + 𝟏𝟎
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Question 2 [6 marks] 
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A constant voltage of  18 𝑉 is applied to a series RL circuit containing a 3 𝐻 inductor and a 

6 Ω resistor. In addition to the constant supply, a decaying transient voltage source from 

another part of the system contributes an extra term of 6𝑒−3𝑡 volts. 

The resulting differential equation describing the current 𝑖(𝑡) in the circuit is: 

𝟑 
𝒅𝒊

𝒅𝒕
+ 𝟔𝒊 = 𝟏𝟖 + 𝟔𝒆−𝟑𝒕 

The circuit starts from rest; 𝑖(0) = 0. 

Using the Laplace transform method, find 𝑖(𝑡) and then determine the value of the current 
at 𝑡 = 5 seconds. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Question 3 [7 marks] 
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In a flow system, the pressure drop Δ𝑃 (𝑘𝑝𝑎) across a long, narrow pipe is directly 

proportional to the volumetric flow rate 𝑄(𝐿/𝑠). The relationship is assumed to be: 

𝚫𝑷 = 𝒂𝑸 + 𝒃 

The following experimental data were recorded: 

Flow rate 𝑄(𝐿/𝑠) 2 4 6 8 10 12 14 16 

Pressure drop 𝛥𝑃 (𝑘𝑝𝑎) 18 28 35 47 58 66 78 86 

(a) Using the least squares method, determine the constants 𝑎 and 𝑏.                           (5 marks) 

(b) Estimate the pressure drop when the flow rate is 𝑄 = 5 𝐿/𝑠.                                     (0.5 marks) 

(c) Determine the flow rate when the pressure drop is Δ𝑃 = 45 𝑘𝑝𝑎.                           (0.5 marks) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Question 4 [6 marks] 
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For each of the following sequences 𝑥[𝑘], find the limit to infinity (if it exists). Then state 

whether the sequence converges or diverges. 

 

(a)  𝒙[𝒌] =
𝐥 𝐧(𝒌𝟐+𝟏)

𝟑𝒌
                                                                                                             (2 marks) 

 

 

 

 

 

 

 

 

(b) 𝒙[𝒌] =
𝟑𝒌𝟐+𝟓𝒌

𝒌−𝟐𝒌𝟑
                                                                                                                (2 marks) 

 

 

 

 

 

 

 

 

 

Question 5 [4 marks] 
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Determine the first 4 non-zero terms of Maclaurin series expansion for the following 

function: 

𝒇(𝒙) =
−𝐜𝐨𝐬 𝟐𝒙

𝒙𝟐
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Question 6 [5 marks] 
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Let 

𝑓(𝑡) = {
0    −2 < 𝑡 < 0
3       0 < 𝑡 < 2

 

and suppose that 𝑓(𝑡) is periodic with period 𝑇 = 4, so that 𝑓(𝑡 + 4) = 𝑓(𝑡). Express the 

function 𝑓(𝑡) as a Fourier series and write down the first four non-zero terms of the series. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Question 7 [6 marks] 
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This page is rough work.  
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Formula sheet 

 

Function  Laplace transform  Function  Laplace transform  

1 𝟏

𝒔
 

𝒆−𝒂𝒕 𝒔𝒊𝒏 𝒃𝒕  𝒃

(𝒔 + 𝒂)𝟐 + 𝒃𝟐
 

𝒕𝒏 𝒏!

𝒔𝒏+𝟏
 𝒆−𝒂𝒕 𝒄𝒐𝒔 𝒃𝒕  𝒔 + 𝒂

(𝒔 + 𝒂)𝟐 + 𝒃𝟐
 

𝒆𝒂𝒕 𝟏

𝒔 − 𝒂
 

𝒕 𝒔𝒊𝒏 𝒃𝒕  𝟐𝒃𝒔

(𝒔𝟐 + 𝒃𝟐)𝟐
 

𝒆−𝒂𝒕 𝟏

𝒔 + 𝒂
 

𝒕 𝒔𝒐𝒔 𝒃𝒕 𝒔𝟐 − 𝒃𝟐

(𝒔𝟐 + 𝒃𝟐)𝟐
 

𝒕𝒏𝒆−𝒂𝒕 𝒏!

(𝒔 + 𝒂)𝒏+𝟏
 

𝒔𝒊𝒏𝒉 𝒕  𝒃

𝒔𝟐 − 𝒃𝟐
 

𝒔𝒊𝒏 𝒃𝒕  𝒃

𝒔𝟐 + 𝒃𝟐
 

𝒄𝒐𝒔𝒉 𝒕 𝒔

𝒔𝟐 − 𝒃𝟐
 

𝒄𝒐𝒔 𝒃𝒕  𝒔

𝒔𝟐 + 𝒃𝟐
 

  

 

   Table 2. The Laplace transform of derivatives  

𝓛 { 𝒇ˊ(𝒕)} 𝒔𝑭(𝒔) − 𝒇(𝟎) 

𝓛 { 𝒇′′(𝒕)} 𝒔𝟐𝑭(𝒔) − 𝒔𝒇(𝟎) − 𝒇′(0) 

𝓛 { 𝒇′′′(𝒕)} 𝒔𝟑𝑭(𝒔) − 𝒔𝟐𝒇(𝟎) − 𝒔𝒇′(𝟎) − 𝒇′′(𝟎) 
 

 

Normal Equations 𝒂 ∑ 𝒙𝟐 + 𝒃 ∑ 𝒙 = ∑ 𝒙𝒚 

 

𝒂 ∑ 𝒙 + 𝒃𝒏 = ∑ 𝒚 

𝒂 ∑ 𝒙𝟒 + 𝒃 ∑ 𝒙𝟑 + 𝒄 ∑ 𝒙𝟐 = ∑ 𝒙𝟐𝒚 

𝒂 ∑ 𝒙𝟑 + 𝒃 ∑ 𝒙𝟐 + 𝒄 ∑ 𝒙 = ∑ 𝒙𝒚 

𝒂 ∑ 𝒙𝟐 + 𝒃 ∑ 𝒙 + 𝒄𝒏 = ∑ 𝒚 
 

 

 

 

 

 

 

Table1. Common functions and their Laplace transform  
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Fourier series  
𝒇(𝒕) =

𝒂𝟎

𝟐
+ ∑ (𝒂𝒏 𝒄𝒐𝒔 

𝟐𝒏𝝅𝒕

𝑻
+ 𝒃𝒏 𝒔𝒊𝒏 

𝟐𝒏𝝅𝒕

𝑻
)

∞

𝒏=𝟏

 

 

 

MLO and Bloom’s Level of Complexity 

Q # MLO 
Addressed 

Complexity Level Mark Remark 

1 2, 3 Application, Analysis  7  
2 1 Application  6  
3 3, 4 Application, Analysis  7  
4 2,3 Application, Analysis  5  
5 1 Application, Analysis  4  
6 1 Application  5  
7 1 Application  6  
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